It is proved that asymptotically good coverings of l-tuples of an n-element set by k-tuples exist for k = o(n) and slowly increasing L On the other hand, it is noted that for l = o(k) asymptotically good packings do not exist if k > cX/-nn for some constant c > 1 and exist for slowly increasing I if k < cX~n for some constant c < 1.
i. INTRODUCTION
Let l < k <n be natural numbers and let S, be a finite set such that IS, I = n. By a k-subset of S, we mean any subset g E S, such that Igl = k.
The covering function M(n, k, l) is defined as a minimal size of a family F of k-subsets of S, such that every/-subset of S, is contained in at least one g E F. The dual packing function re(n, k, l) is defined as a maximal cardinality of a famiJy G of k-subsets of S, such that every/-subset of S, is contained in at most one g E G. It is well known that n k >_ and that both of these inequalities turn into equality simultaneously. In this case there exists a Steiner system S(n, k, l), i.e. every/-subset of S, is contained in exactly one k-subset from S(n, k, l).
The direct application of probabilisitic methods yields the well-known upper bound for M(n, k, l) [3] M(n,k,l)~[(l)/(~)](l+ln(~))+ l (1) Erdos and Hanani [2] conjectured that, for all fixed l < k,
and proved (2) and (3) for l=2 and all fixed k, and for 1=3 and k=p or k =p +1, where p is a prime power. It is well known that for fixed I and k (2) is equivalent to (3) .
The packings and coverings for which (2) or (3) holds are called asymptotically good.
In [5] (2) was proved for l = k -1 and k = o(~Fn), while (3) was proved for 1 = k -1 and k = o(n). In [1] (2) was proved for l = k-2 and k = o(Vn), (3) was proved for l = k-2 and k = o(n). Rticll [7] (see also [9] ) proved the conjecture (2)-(3) for all fixed k such that l < k.
The question that we consider in this paper is as follows: What is a 'threshold function' k(n) for the existence of asymptotically good packings and coverings for slowly increasing l? This means that (2) or (3) must hold for all k < cok(n) and do not hold if k>clk(n) for some constants c0<1 and cx > 1. We prove that asymptotically good coverings exist for all k = o(n) and slowly increasing l as n--> oo (Section 3).
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On the other hand, we prove in Section 2 that k(n) = V~n is the threshold function for the existence of asymptotically good packings.
NON-EXISTENCE OF ASYMPTOTICALLY GOOD PACKINGS FOR LARGE k
Let a be the constant such that for any e > 0 and sufficiently large n in every interval [n, n + n ~+~] there exists a prime number. It is known [6] that a ~ 23/42. THEOREM 1. Let the sequences k = k(n) and l = l(n)>I 2 be such that l = o(k) and k > cX/nn, where c > 1 is some constant. Then asymptotically good packings do not exist and (2) does not hold.
Let k < cVnn, where c < 1 is some constant, k ---> 0% and for any e > 0 o.)
Then (2) holds.
PROOF. From Johnson's inequality [4] we have
when denominator is positive. We use also well-known recurrent inequality [8] : n m(n, k, l)<~m(n -1, k -1, l-1).
From this inequality it immediately follows that m(n,k,'" (n)/-2 , l+2, k-1+2,2).
We apply Johnson's inequality to the last term of (4), i.e. m(n -l + 2, k -l + 2, 2). The denominator is positive if (k -l + 2) 2 > cn, where c > 1 is some constant.
Under this condition we can derive the following:
(n -l+2)(k-l + 1)
From this inequality and (4) the following inequality can be derived:
(k)l-~
This inequality implies the non-existence of asymptotically good packings under the conditions l = o(k) and k > cVnn, where c > 1 is some constant. This bound is sharp for slowly increasing I.
To show this and to prove the second part of Theorem 1 we describe a simple construction of asymptotically good packings under the conditions of Theorem 1. Let p be maximal prime such that p<n/k. Set Spk=Uk=lS(p i), where S~i)={(i-1)p+ 1 ...... ip} for i = 1 .... , k. Let V(p, k, l) be the set of all solutions of the system k iJx, = 0 mod p, x~ ~ S~ ), j = 0 .... , k -1 -1.
For any l variables x;, ..... xi, arbitrarily fixed in (6), we obtain the system with 
THE EXISTENCE OF ASYMPTOTICALLY GOOD COVERINGS FOR k = o(n)
The main aim of this section is to prove the following result. where r = min(k, n/k ). Then (3) holds.
To prove Theorem 2 we need two lemmas.
LEMMA 1. Let k >I t >I 1 -1, p > k be a prime power. Then
M(pk, k, l) <~p' + M(pt, k, l)M(k, t, l -1).
PROOF. Let Spk = Uk=l Sk i), where Sk i) = ((i -1)p + 1,,..., ip} for i = 1 ..... k. Let V(p, k, l) be the set of all solutions of the system (6). In the previous section it was shown that IV(p, k, l)l =p{ Let C(k, t, l-1) be some minimal cover of all (l-1)-tuples of the k-element set {1, 2,..., k} by t-tuples and let P~,,....i, be some minimal cover of all l-tuples of the set U~=l G~, by k-tuples.
We construct the desired cover P(pk, k, l) as follows: P (pk, k, l) = V (p, k, l) U  U  Pi,,...,,,. (il,...,it)'G C(k,t,l-1)
(8)
The validity of Lemma'l now follows from the fact that every l-tuple intersecting every Sk i) exactly at one element is covered by V(p, k, 1) and any other l-tuple intersects some S(p i) in at least two elements and, hence, this l-tuple has non-empty intersection with at most l-1 sets Sk i) (the indices i of these sets are denoted by {j~ ..... j~-l}). This l-tuple is covered by a k-tuple from the term in (8) M(q, t, l) .
PROOF. Let S, = uq=~ S;, where lad =lk/t3 is some partition of S, into q blocks of equal cardinalities (this may be the last block). We can consider these blocks as new elements in a set of q blocks. Hence, we have a matching between (q, t,/)-coverings of the set of blocks and (n, k,/)-coverings of initial set. This gives the inequality (9).
PROOF OF THEOREM 2. Let / \// \ k n and let p(n) denote the minimal prime such that n p(n ) > k(n----)"
We assume that Theorem 2 is not true and that lim ix(n, k, l) = lim ix(nr, k(nr), l(n~)) > 1.
Case 1. There exists a subsequence of {nr} (for simplicity, we denote it by {nj}) such that p(nj)> k(nj) for all j. This implies that ka(ni)< nj. For simplicity we will omit the indices j throughout. By definition of p(n) we have M(n, k(n), l(n)) <~ M(p(n)k(n), k(n), l(n)).
Using Lemmas 1 and 2 we obtain M(n, k, l) <<-M(pk, k, l) <~pt + c212 in 2 It (tp)tkt-I (k)ttt_l '
where (a)h = a(a -1) • • • (a -b + 1). We choose t such that t/12--->~ as j---> ~ (for example, t = l 2 In k). Then, from (11), we derive M(n, k, 1) <~p'(1 + c21" ln3 k'~ (12) k /"
Taking into account that a < 23/42 [6] , we obtain n {k\~\ ~ / n i \~(-,) i ik\~\ P'~< (k+ (k)if = (k)'(a + ~nJ ) ~< ~k-~nj)) exp~l~n) )-(k)'
under the condition 13k/n----> 0 as j----> oo. Using (12) we may rewrite (13) as follows:
In 3 k ix(n, k, l) <~ 1 + c2l 4 --(14) k ' which yields under the condition of Theorem 2 that Iz(nj, k(nj), l(nj)) -1 as j---> oo. This contradicts our assumption (10). Case 2. For any r I> ro, p(n,)~< k(nr) holds. Then n~ <~ k2(n,) and by Lemma 2 we obtain (for simplicity, index r is omitted): It is easy to prove that, under these conditions,
(16) To prove that (q)t/(tn/k)'-1
we modify slightly the sequence t(n) as follows. Let
where 0 ~< d < t. Set tl = t + c, where c is the maximal value such that d -rc >~ 0 holds.
From (18), we obtain that k = (t + c)r + (d -rc).
By the definition of c we have that d -rc <-r = Lk/tJ and t t t c<~-<~ l<~t-k-~_t=o(t). r k/t- From (15), (16) and (17) we conclude that lim t~(nr, k(nr), l(nr)) <~ 1, r~oe and this contradicts (10) . Thus, it is proved that limn_~/z(n, k, l)~< 1. ately implies that lim,_~/x(n, k, l) = 1.
This immedi-
